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The effect of transit time on the electrical transport noise of a closed one-barrier model at equilibrium as proposed by Kolb 
and LPuger [fi] is studied using the master-equation approach. A transit time is the lime for an ion to cross the energy barrier 
(membrane interior) when the energy of the ion reaches the barrier height. Both the time correlation function and the noise 
power spectrum are obtained as functions of the transit time of the ions. Possible effects of transit time on the time correlation 
function of transport of dipicrylamine ions in lipid bilayers as reported by Bruner and Hall [13] and on the noise power 
spectrum as reported by Kolb and Lauger [6] are discussed. 

1. Introduction 

In recent years, measurements of current noise 
in biological membranes have attracted consider- 
able attention in relation to the elucidation cf 
membrane properties and transport mechanisms 
[l-4]. One type of noise which has been inten- 
sively studied both theoretically and experimen- 
tally is that related to the opening and closing of 
ion channels in the membrane. The channel in a 
membrane is a low-resistance pathway for ion 
transport and can exist in a number of open and 
closed states. The fluctuation in membrane cur- 
rents reflects the fluctuation in the concentration 
of open channels in the membrane. Thus, the 
general concentration-fl c&ration theory of chemi- 
cal reactions can be applied directIy to this chan- 
nel noise problem and information such as unit 
conductance and mean lifetime of rlifferent states 
of the chennel can be obtained from membrane 
current noise data [4], 

Another kind of noise which has also attracted 
extensive studies recently is the so-ca!led ‘trans- 
port noise’ associated with the translocation steps 
of individual ions or carrier-mediated transport of 
ions through membranes or open channels [5- 125 
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The movement of an ion (or an ion-carrier com- 
plex) in the membrane may be described as a 
series of jumps from one binding site to the other 
over activation energy barriers. Each jump con- 
tributes with a single current pulse to the total 
current measured in the external circuit. Fluctua- 
tions of the total current therefore arise from 
fluctuations in the number of ions crossing the 
individual barriers. In terms of chemical kinetics, 
transport noise is related to the fluctuation of 
fluxes of the reactions while channel noise is re- 
lated to the fluctuation of concentrations of the 
species. 

The first measurements of transport noise in 
lipid bilayer membranes were reported by Kolb 
and Lauger [6] on dipicryIamine ions and by Szabo 
[IO] on tetraphenylborate ions. The current noise 
spectra from these measurements were very differ- 
ent from those of the channel mechanism. in gen- 
eral, the noise power intensity is very small at low 
frequency and increases as fz (f, frequency) as f 
increases. At a high-frequency region, the noise 
power spectrum becomes independent off (white 
noise). Thus, the spectrum looks like an inverted 
Lorentzian. 

To explain the experimental rec:r!ts, Kolb and 
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LHuger [6] proposed a single one-barrier transport 
model (the KL model) in which it is assumed that 
the ions are adsorbed in potential-energy minima 
at either membrane surface and are able to cross 
the central energy barrier by thermal activation. 
The adsorption an? desorption processes of ions 
between the membrane and the bathing solutions 
are assumed to be very slow compared to the 
kinetics of ion translocation across the membrane. 
Thus, the ions on both sides of the membrane can 
br considered as a closed thermodynamic system 
a? equilibrium_ tising Langevin’s formalism. they 
obtained a noise function that fits with experimen- 
tal results. Later, Lruger [7] showed that the same 
equation could be derived using Nyquist’s theo- 
rem. In another development. Frehland [8] showed 
that transport noise could be obtained directly 
from the usual kinetic equations. When applied to 
this equilibrium KL model of one barrier with two 
binding sites, Frehland’s general formalism re- 
covers the same noise equation as obtained by 
K.Gb and LBuger [6] or by L%uger 171. 

In these treatments, it was always assumed that 
the transloca:ion of ions across the barrier was an 
instantaneous process. That is. the ions remain at 
the binding sites most of the time and cross the 
(central) barrier instantaneously when their en- 
ergies reach the barrier height. In this paper we 
present a different treatment which is applicable 
to systems in which the translocation of ions is not 
instantaneous but requires a finite ‘transit time’ 
(denoted as A herea>er). Both the noise power 
spectrum_ G(w). and the time correlation function, 
C( 7). of rhe current fluctuations are obtained and 
expressed explicitly as functions of A. When A is 
set to zero. the noise functon of Kolb and LBuger 
is recovered_ Thus, in a sense. the present theory is 
more general than those of Liuger [7], Ko!b and 
L%uger 161, and Frehland 181. 

Our interest in this transit-time problem was 
partly aroused by a recent report by Bruner and 
Hall [ 131, to which the time correlation function of 
transport noise of dipicrylamine ions was mea- 
sured. One of the main points of the paper was to 
show that the measured C(r) agreed with the 
theoretical C(T) obtained from the G(w) of Kolb 
and L3uger [6]. However. if one examines closely 
the results of Bruner and Hall (see fig. 2). it is easy 

to find that the experimental data do not agree 
completely with the theory. The theoretical C( 7) is 
larger (less negative) at low IT] values and smaller 
(more negative) at large IT] values than the experi- 
mental values (the deviation near r = 0 is about 
5%). We thought that the discrepancy might be 
due to the omission of the transit time in the 
theory and that it might be worthwhile to have a 
t:ansport noise theory applicable to systems with 
nonzero transit times. 

Studies on the effect of a finite transit time on 
the ncise power spectrum of other transport mod- 
els have been reported by Stevens [14] and by 
Laiuger [5]. The present report represents the first 
study on this closed one-barrier two-binding-site 
model (the KL model) applicable to the transport 
of hydrophobic dipicrylamine or biphenylborate 
ions across lipid bilayer membranes. 

2. The IU model and the microscopic current 

We summarize briefly the basic features of the 
KL model in fig. 1. As indicated in fig. la, the 
membrane is considered as a dielectric layer of 
thickness d interposed between two conducting 
phases (the aqueous electrolyte solutions) which 
are connected by an external measuring circuit. 
Then, if an ion of charge ze, (where z is the 
valence and ea the elementary electron charge) is 
moved in the dielectric over a distance s, a charge 
of magnitude ze,s/d is displaced in the external 
circuit. (The external circuit is assumed to have an 
infinite response.) If we use i to denote an ion at 
the left binding site and ii at the right, then the 
translocation of ions is equivalent to the chemical 

reaction i s ii. For lipid bilayer membranes, a = p 
B 

when the voltage across the membrane is zero. The 
barrier between the binding sites is assumed to be 
very steep and the two energy minima very sharp 
so that unsuccessful climbing of the ions does not 
produce any current pulse in the external circuit. 
Let us assume that the ions are positive charged 
and the external circuit is arranged in such a way 
that an ion translocation from the left to the right 
side (i + ii) produces a positive charge pulse of 
magnitude re,s/d and duration A (or a current 
pulse of ze,/s(dA)), while a translocation from 
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Fig. 1. (a) Schematic energy profiie of hydrophobic ion in a 
Iipid bifayer membrane. (b) The upper carve represents the 
state of the ion and the transition from one state to the other. 
‘The lower curve represents the current measured in the external 
circuit due to ion translocation. The time (transit time) for an 
ion to cross the barrier is denoted by A. F is defined as P 

the right to the left side produces a negative charge 
pulse af the same magnitude and duration. 

The duration A is called the transit time here. It 
is the time for an ion to diffuse between the sites. 
across the energy barrier, when the energy of the 
ion reaches the barrier height and an actual trans- 
location occurs. One must note that this transit 
time is different from the mean occupation times 
of the ions. The mean times for an ion to stay in 
state i (iii and state ii (Gi) are I/or and I,/& 
respectively. It is reasonable to assume that A is 
only a small fraction of ti or tii, since it involves 
processes in activated states. Fig. I b shows the 
time behavior of a membrane containing only one 
ion. The upper graph shows the state of the ion as 
a function of time. The transition from one state 
to the other is not instantaneous, but requires a 
transit time A. The lower graph shows the current 
pulses due to the transition of states, as measured 
in the extemat circuit. 

Since each ion translocation produces a current 
pulse of Iength A, in a membrane containing a 
large number (M) of ions the instantaneous cur- 

rent (as measured in the external circuit) at time I 
is the sum of the current pulses generated in the 
time interval A between i -A and 1. Let n,, and 
n2, be the number of transitions of i -) ii and 
ii -+ i, respectively. Then, the instantaneous cur- 
rent Z(r) at time z can be expressed in terms of the 
net i -+ ii transitions tz( = rz,2 - R2,> as 
I ( I ) = ce,s/( dd ) EL- tzF/A . 

F s re,s/d. (1) 

3. The time correlation function .ind the noise 
power spectrum 

The time correlation C( r) of the measured ex- 
ternal current is the ensemble average of the prod- 
uct of Z(r) and Z(r + T): 

C(7)=(l(f)Z(tiT)) (21 

Substituting eq. i into eq. 2, we have 

Thus, in order to obtain the time correlation func- 
tion C(T), one needs the two-time joint probabil- 
ity function, P(n,fx’,t + T), of the net number of 
i -+ ii transitions. That is, one needs the probabil- 
ity of finding exactly n net i -+ ii transitions at 
time t and exactly n’ net i -+ ii transitions at r + 7. 
Since the stochastic properties of fluxes (or the 
number of transitions) of chemical reactions are 
difficult to study, P(n,r;n’,t -t T) is in general not 
readily availabfe. Thus, we discard this line of 
pursuit and consider the probabiIity of states in- 
stead of fluxes in evaluating C(r). To do this. we 
have to find a way of replacing n(t) and PZ( I -I- T) 
in eq. 3 with Nz (or N,) where N, is the total 
number of ions in state ii (or the ions at the right 
side of the membrane). One must note that the 
system is closed so that A$ (or N, ) aione is enough 
to specify the state of the system. 

Since the system is closed, the net number of 
i -ii transitions (n(t)) between i-A and t is 
exactly equal to N; - N, where iV2 and Ni are the 
number of ions in state ii at t -A and t, respec- 
tively. Similarly, n(t -i- 7) = N,” - N;‘, where N. 
and N,“’ are the number of ions in state ii at 
t -I- r-A and t -f- T, respectively. Thus, the time 
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correlation function in eq. 3 can be expressed as 

-n;~V~.r;Iv~.rt,-d;h’~“‘.rt~). (4) 

\vhere P( hl,.r - d:A$.r;N,“,z f 7 -A;&“‘,t + T) 

is the joint probability function of Nz at the four 
time points: r-A_ I. t+~-A and r+~. For 
systems at stationary state. the probability func- 
Iicm nrc indcpmdcnr wi rhG absolurc value uf c, 
Thus. after setting I = A. eq. 4 becomes 

7 
C(T)=? c ( i+J; - N,)( i’12”’ - N;‘)P(N2.0:N2’. 

x2. .vi. s;. ‘Vi” 

A:N;‘.r;N~“‘.z+A). (5) 

For Markovian systems. the joint probability func- 
tion is equal to a product of conditional probabil- 
ity functions. Thus. depending on whether 7 is 
larger or smaller than A. P in eq. 5 for a stationary 
system can be expressed as 
P(,V,.O;rvz’ A.h’;.r:h’,“‘.r+L) . . 

= F’( X,)H’( NgN;.A)W( N;lh’2”.r - A) 

X W( &:‘I N2”’ .A ) if 7 Ir A. (6) 

= P ( IV, ) W’( h’_ 1 h’;‘. T )IY( Nz”1Ni.A - T)U’( h’z’INz”’ .i) 

ifr--..I. (7) 

Here P( Nz) is the equilibrium probability of hav- 
ing Nz ions in state ii in the system. 

Substituting eqs. 6 and 7 into eq. 5. we get 

c-(z) = ‘z 
JZ c (N2’-Nz)(N,“‘-&‘)P(Nz) 

x2 . “5 .,v; _ ‘V,‘.. 

For chemically reacting systems, explicit expres- 
sions for the conditional probability functions are. 
in geneml. hard to obtain. However, as shown in 
Appendix A. for this simple two-state system 
ir/y IV,/N~. t ) can be expressed as 

.%I 
rj’( S,[ \.:.I) = P( Nz)-“‘P( Ni)“’ c u,,,~,~~e-~** (10) 

* - 0 

where uNzic is the (N,, k,) element of the unitary 
matrix which diagonalizes the symmetrized relaxa- 
tion matrix of an equilibrium kinetic system com- 
posed of M independent subunits undergoing i zz ii 
reactions (see Appendix A and ref. 15) and X,(= 
k(a! + /3)) is an eigenvalue of that relaxation ma- 
trix. In general, both P(N,) and u,,,=~ can be 
expressed in terms of n_, = cr/(a + j.3) But their 
exact expressions are not important here. The only 
relations that are usefu1 here are 

5 *.,. u,k”,k = (11) 

u,,, = P(i)“2. (‘2) 

and 

where n, = a/(a + p) and 8 is the usual 
Kronecker delta function. Eqs. 11 and 12 have 
been discussed in ref. 15. Proof of eq. I3 is given 
in Appendix B. 

Substituting eq. 10 into eqs. 8 and 9, and using 
eqs. 1 l-13. we obtain the time correlation func- 
tions 

c-( 7) = - F*Mn,( I- r~_)e-~(*-~‘( c-‘~ - 1,‘/A2 

(TPA). (14) 

~(s)=~“~~,(1--~)je-~~(2---~~)--p-~(~--r)]J~ 

(7SA). (15) 

whereX=X, sa+p. 

Using the Wiener-Khintchine theorem and eqs. 
14 and 15. we obtain the noise power spectrum 
G(w). 

=8F’Mn,(l-n,)A 
I-ccos(o4) 

A’(h’ -I- u=) 1 
where w = 2rf and f = frequency. 

C(T) and G(o) for the special case A = 0 can 
be obtained easily from eqs. 14-16 as 

C”(T) = Ji_mgC(r) = - MF’n,(l- n,)Pe-XT 

(f’0) (‘-‘A) 

=oO (7’0). I17B) 

Gyw)=>_moG(o)= 
4,w’n,(l-n,)Aw’ 

A~i-C.l’ 
(18) 
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Eq. 18 is identical to eq. 8 of Kolb and Lauger [6] 
if one notes that nz = l/2 <as a = fi) and that our 
F, M, a and l/X here correspond to Kolb and 
Laugefs are0 , n, ki and TV, respectively. 

The total fluctuation C(0) can be obtained from 
eq. 15 directly or from G(w) in eq. 16 by integra- 
tion. The result is 

C(0) = 2FzMn,( I- n,)( I - e-x=)/Al_ 

When A = 0. 

(19) 

Jim C(0) = lim 
PMn,(l-,1,)X =ol 

-\--cl J-0 A (20) 

This agrees with eq. 17B and is consistent with the 
results of a white noise. 

4. Comparisons with experiments 

In this section the effect of A on the time 
correlation function C(r) and the noise power 
spectrum G(o) will be examined numerically using 
the parameters given by Bruner and Hall [ 131 and 
by Kolb and LSuger [6] for the transport of di- 
picrylamine ions across lipid bilayer membranes. 
The purpose is to see if it is possible to estimate 
the value of A from experimentally measured C(r) 
and G(o) curves. The values of MF* and X for the 
two cases (BH case and KL case) are listed in 
table 1. One must note that the values of MF' are 
determined by the area of the membrane and the 
concentration of hydrophobic ions in the system. 
On the other hand, the values of A are dependent 
on the temperature of the system_ As hsown in 
table 1, the h values of the two cases are varied by 
more than an order of magnitude_ 

Table 1 

Values of MF2 and X used in numeric;1 caIculations 

BH. dioleylphosphatidylcholine membrane of area 0.58 mm’ 
with 0.1 M NaCl and IO-‘M dipictylamine- at 23T; KL. 
dietucoyl lecithin membrane of area 0.36 mm* with 0.1 M NaCl 
and 3 x IO-’ M dipicrylamine- at ST. 

MF* (A= -s*) X(S_‘) 

BH case 9.92347~ IO-= 751.8797 
KL case 6.16 x 10-28 22.72727 

Fig. 2. The calculated time correlation functions of the BH 
case. Also included is the experimental curve obtainezl by 
Brtmer and Hall [ 131. The difference in the caIcuIated C(T) 
between A =0 and A =I,.3 are too small to be seen in the 
figure for T > 0.3 ms. 

As mentioned before, the value of A may be just 
a fraction of the time constant (l/X) of the trans- 
port kinetics. Thus, A must be in the submillisec- 
ond range. For convenience, we consider the cases 
wieht A = 0.1, 0.2 and G.3 ms. 

The calculated C(T) curves for A = 0 and 0.3 
ms are plotted in fig. 2 (BH case) and fig. 3 (KL 
case). Note that the experimental result of Bruner 
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Fig. 3. The calculated time correlation function of the KL case. 



92 Y. Chen / Tmmport noise of hydrophobic ions 

and Hall is also shown in fig. 2. Before discussing 
the effects of A ‘2~ C(T), let us examine the general 
properties of C( 7). As one can see from the fig- 
ures. the time correlation function C(T) of this 
closed one-barrier two-binding-site model is quite 
different from that of the channel mechanism. In 
general_ C(T) is positive at T = 0 and decreases 
almost linearly as 7 decreases. It becomes negative 
when r is larger than ra, which can be obtained 

from eq. 15 a5 

In(2e-= -1) 7” = 
2x . 121) 

C(r) reaches its minimum at T=A and then in- 
creases exponentially toward the value zero at 
7 = 00. The occurrence of a negative correlation in 
this system is a distinctive feature which one can 
never get in concentration-fluctuation measure- 
ments (channel noise)_ The concett!ration time cor- 
relation function is always positive and decays 
monotonically as T increases [4]. This negative 
correlation is due to the occurrence of alternate 
positive and negative pulses of equal duration in 
the system as has been discussed by Frehland [IS]. 

As shown in figs. 2 and 3, C(T) of nonzero A is 
quite different from that of A = 0 in the region 
0 _( 7 I A. but becomes indistinguishable from the 
A = 0 case when T is greater than A. That is. the 
time correlation function C(T) is sensitive to A 
only at small T. Since Bruner and Hall did not 
measure accurately C( 7) at 7 smaller than 0.5 ms. 
their C(T) results are not sufficient for the esti- 
mate of A. 

Calculated noise power spectra for the two cases 
are shown in figs. 4 and 5. In general, G(w) is very 
small when o is small and increases monotonically 
and then reaches a plateau as w becomes larger. 
This feature is quite different from the noise power 
spectrum of channel co tductance fluctuations. in 
which the power densit: is large at low frequencies 
and decreases as w increases (Lorentzian). For 
finite J values. G(w) starts to decrease after w 
becomes very large. Only when A = 0 does G(w) 
remain constant (white noise) at high frequencies. 
As one can see from figs. 4 and 5. the frequency at 
which G(w) starts to fall after reaching the plateau 
is very sensitive to the va!ue of A. In contrast. the 

rising phase at low frequencies seems to be ccm- 

Fig. 4. The calculated noise power spectrum of the BH case. 
The values of A (in ms) are indicated beside the curves. 

pletely independent of A. Thus. if one is to de- 
termine the A value, it is important to have G(o) 
at high frequencies. 

If one compares figs. 4 and 5, it is easy to find 
that the G;o) curves of both BH and KL cases 
seem to fill off from the plateau at the same 
frequency for the same A value. This means that 
the G(w) at the ‘falling’ phase (high-frequency 

Fig. 5. The calculated noise power spectrum of the KL case. 
The values of A (in ms; are indicated beside the curves. 
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region) is not very sensitive to the value of X (or 
temperature, since A is a function of temperature 
only) and that it is possible to estimate the value 
of A without knowing the value of X. 

From the above arguments, it is clear that the 
existence of a falling phase in G(w) at high fre- 
quencies after the plateau indicates the presence of 
a transit time in the translocation process. ln 
principle, one has to analyze G(w) in eq. 16 in 
order to evaluate the exact value of A. In practice, 
one can make a rough estimate of A based on the 
‘half frequency’ (f,,2) of G(w) at the falling 
phase. The half frequency here is defined as the 
frequency at which G(w) is decreased to one-half 
that of its plateau value. For both the BH and KL 
cases, the f,,2 values for A = 0.1, 0.2 and 0.3 ms 
were found to be approximately equal to 4.5, 2.5 
and 1.5 kHz, respectively. Thus, if A = 0.3 ms or 
larger. a meastiremen: of G(w) up to f = 1.5 kHz 
is enough to determine A. If A is 0.1 ms or less, 
then the measurement has to go up to more than 
4.5 kHz. 

5. Discussions 

As mentioned in section 1, the experimental 
C(T) for the transport of dipicrylamine ions across 
lipid bilayer membranes as reported by Bruner 
and Hall [13] was found to be slightly deviated 
from the theoretical C(T) without the transit time 
(see fig. 1 of ref. 13). We thought that this devia- 
tion might disappear for nonzero A cases. As 
shown in fig. 2 and discussed in secton 4, it is 
apparent that this is not true. In fact, as long as 
the value of A is only a fraction of l/X, the 
difference in C(T) between a nonzero A and A = 0 
cases will be very small for 7 > A. Thus, the small 
deviations may be due to the values of MF2 and A 
used in the calculation. In fact, we found that 
experimental BH results could be fitted rather well 
with MF2 = 9.45 X 1O-29 (A2 - s2) and X = 796.5 
(s-l) (data not shown). Of course, other factors 
such as deviations from the idealized rectangular- 
pulse model, etc., may also cause the deviation in 
C(T). In any case, the deviations in C(T) at the 
7 r 0 region are not due to the existence of transit 
times. 

Theoretical studies on transport noise with 

transit times have been reported by Stevens [14] 
and Lauger [5]. However, the transport mecha- 
nisms (and therefore the results) of these studies 
are quite different from that in this paper. Stevens 
[ 141 treated the unidirectional flow of ions through 
membranes (or channels) as a random jumping of 
ions from one side of the membrane to the other 
according to a Poisson process with a constant 
mean rate r. The process is thus identical to the 
jumping of electrons from the cathode to the anode 
in a vacuum tube and the usual shot noise analyses 
with transit times [16] can be applied to this case. 
Lauger extended the treatment to include a back- 
ward flow in the transport process. Assuming that 
the backward flow is independent of the forward 
flow, he obtained similar shot noise results. Again. 
the translocation step is assumed to be Poissonian. 
The basic assumption in a Poissonian transloca- 
tion mechanism is that the proability of transport- 
ing an ion across the barrier between time t and 
time t + dt is equal to rdt where r is a constant 
independent of t [ 171. In general, if the number of 
ions at one side of the barrier is N(t) at time t, the 
probability that an ion will translocate from that 
side to the other between times t and t + dt is 
equal to aN(t)dt where Q is a constant. Thus. a 
Poisson process implies that N(t) is a constant 
independent of time. For a membrane system to 
have this property, the adsorption and desarption 
processes of ions between the binding sites of the 
membrane and the bathing solut.ons must be fast 
compared to the time scale of the translocation 
kinetics of the ions. In thermodynamic termsthe 
system containing all the ions on the binding sites 
of the membrane is ‘open’. In the present paper. 
the system is ‘closed’ and N(t) is not independent 
of time. if one compares eq. A4 of ref. 5 and eq. 
16. it is easy to see that the noise power intensity 
of this one-barrier two-binding-site model goes to 
zero as the frequency (f) approaches zero if the 
system is closed and remains constant if the sys- 
tem is open. 

In conclusion, we have obtained the analytical 
expressions of the time correlation function and 
the noise power spectrum of the ion-translocation 
process in a closed one-barrier two-binding-site 
membrane model with a finite transit time. The 
results are new and can be used to evaluate the 
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value of transit time when either the noise power 
spectrum at very high frequencies or the time 
correlation function at very small times is availa- 
ble. 

Appendix A 

A. I. The conditional probability function. for a ~lvs- 

lem of i S ii reactions 
B 

We consider a system at equilibrium containing 
a total of M molecules of i ar.d ii, which can 
undergo isomeric reactions i s ii. Let N, and N, 

be the numbers of molecule! in states i and ii, 
respectively. Then :,wing to conservation, we have 
N, + N, = M. Thus, the system can be char- 
ac:erized by either N, or N2 alone. We choose N, 
as the independent variable. Then the conditional 
probability function W(N,INi,r) of finding N; at 
time t wh-n at time zero the system has exactly N, 
molecules of ii obeys the master equation 

dH’( NziN;.r) 

dr 
-W(N2’zlN~-I,r)(M-N~+I)a 

+ W( N*INz’ + l.r)( Ni + I)/3 

- W(NzlNz’J)[(M- N~)cx-i-N#] 

N2.N;=O,1.2:...M 

The definition of a conditional probability 
tion requires that 

I’/( N211v;,0) = G+vi 

(Al) 

func- 

(AZ) 

and 

rY(NZIN;.r)=O~henN;cOorh~;‘zM (A3) 

For any particular NZ value. we can obtain a set 
of M first-order differential equations from eq. 
AI: 

dIY( N+V.r) 

dr = 
- A W( N2iIV.r) (A4) 

where W(&IN.t) is a column matrix of M-I- 1 
elements: 

tV( NJ’Xr) 
W(IV2ll.f) 

IY( NJM,r) 

and 

MP 

Ii 0 

-#v 0 0 . . . 0 

- .%flx (M--I)a+B -28 0 ._. 0 

Am -_(M--l)r. (M--2)a+2/3 -38 .*_ 0 

0 0 0 0 -n M/3 

(A6) 

Matrix A (,M+ 1 by M + 1) corresponds to the 
relaxation matrix of a linear kinetic scheme, 

P(O) P(1) f’(M) (A7) 

The kinetic scheme in eq. A7 is equivalent to the 
scheme of a system containing M subunits each of 

which is undergoing the i 5 ii reaction. The state 
P 

[j] with probability p(j) hasj subunits in state ii. 
As discussed in ref. 15, for this system eq. A4 can 
be solved and W( NZ(N,r) can be expressed in 
terms of the fundamental matrix Q(t) of eq. A6: 

rY( N2IN.r) = U’(f)H’( N2IN.O) 

where 

(As) 

O,,(I) = p(~)“*~(~) 
- I/Z 

? 
u,ICu,,e 

--*., 
(A9) 

The P(i) in eq. A9 are the same P(i) as in eq. A7, 
and u,~ is the (i,k) element of the unitary matrix 
which diagonalizes the symmetrized relaxation ma- 
trix A of eq. A6. Explicit expressions for the u,~ 
are not required here, although a few have been 
given in the appendix of ref. 15 (the M here is 
equivalent to the x in ref. IS). The h, are the 
eigenvalues of matrix A. In general, there is one 
zero eigenvalue which is represen;ed by h,. Other 
nonzero h are a11 reaI positive numbers and X, = 
~(OL + /3). From eqs. A8 and A9, and using eq. A2, 
we have 

“( N,IN;,‘) =C~~j);N;.(‘)W(N-IN~,O) 
N; 

(AlO) 

(A5) 
= eNjNI = P( N;)“‘P( N2) - “Z~u,..,,~u,ixe-“~r 

k 

Eq. A10 is the desired result. It is easy to see that 
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eq. A10 satisfies the condition, eq. A2: 

W( N*IIv;.O) = p( Ni)“‘p( Iv*)-“2Cuy*uNjrt 
k 

- P( N:) “2P(N2)-“zSNzNj 

- ‘NzNi 

At I = co, eq. A10 becomes 

W( N~IN;,co) = P( N2)“2P( N,)-“2uy”uNjo = P( fq) 

That is, at I = cc the conditional probability is 
independent of the initial condition and is equal to 
the steady-state probability as shown in eq. A7. 

Appendix B 

B.I. Proof of eq. I3 

M 

Let us denote c jrc,, P(j) by h,. Then h, is 
j-o - 

equal to the square root of g, in eq. 37 of ref. 15 
when a, is set equal to I. For systems composed of 
M i a ii subunits. the g, has been expressed ex- 
plicitly by eqs. 46, 48 and 49 of ref. 15. Thus, 

h, = 

x--k (x-k)!(-,Q.‘-L-‘ffx-, 

or,= c 
j-0 

j!( x - k - j)! 

(B1) 

(B2) 

(83) 

It is easy to show that H, _, in eq. B3 is nonzero 
only when x-j- 1, and then it is equal to - 1. 
Thus 

H,-, = (-t)%-,., (B4) 

SubstituGng eq. B4 into eq. B2, we have 

( )* = *n&%.0 - &., (B5) 

With eqs. B5 and Bl, eq. 13 czn be proved easily. 
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